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Spontaneous appearance of nonzero momentum Cooper pairing: Possible application
to the iron-pnictides
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We suggest that an inhomogeneous (non-zero momentum) paired phase can appear in the ab-
sence of an external magnetic field in the system with a predominant interband pairing and with
separate Fermi-surface sheets. The Fermi wave vector mismatch which appears in such situation
can be compensated by nonzero center-of-mass momentum of the Cooper pairs, what can lead to a
spontaneous appearance of the Fulde-Ferrell type of superconducting state. The idea is examined
using a tight-binding model which emulates the hole-like and the electron-like bands of iron based
superconductor. The state can appear for the case of both spin-singlet and -triplet pairing channels.
PACS numbers: 74.20.-z, 74.25.Dw, 75.10.Lp
I. INTRODUCTION
The superconducting state with non-zero center-of-
mass momentum of the Cooper pairs has been proposed
decades ago by Fulde and Ferrell1 as well as indepen-
dently by Larkin and Ovchinnikov2. According to the
original idea, the so-called FFLO paired phase can be in-
duced by an external magnetic field which gives rise to
the Zeeman splitting of the Fermi surface. The Fermi
wave vector mismatch between the spin subbands, is
detrimental to the Cooper pair creation for electrons with
opposite spins and momenta (k ↑, −k ↓) but may lead
to an inhomogeneous paired state with a nonzero total
momentum of the Cooper pairs, (k ↑, −k+Q ↓).
It should be noted, that particular requirements are to
be met to observe such supercurrent carrying state. The
Maki parameter3 has to be large enough so that orbital
effects are negligible and superconductivity survives up
to the Pauli limit. Furthermore, as FFLO state is easily
destroyed by the presence of impurities, the system has to
be very clean. So far, there has been experimental signs
of the FFLO phase in heavy fermion compounds4−7,
as well as in organic superconductors8−12, both belong-
ing to the quasi-two dimensional systems. Theoreti-
cal investigations regarding the FFLO phase appearance
in iron-pnictides13–15 have been carried out recently as
these compounds meet some of the requirements for the
nonzero momentum pairing (the Pauli limit evidence in
KFe2As2 has been reported very recently
16).
The presence of FFLO paired state has also been pro-
posed for imbalanced ultracold Fermi gases17,18. The in-
direct experimental evidence of a superfluid FFLO phase
in a system consisting of 6Li atoms trapped in an ar-
ray of one-dimensional tubes has been reported in Ref.
19. Moreover, theoretical investigations have been done
concerning finite momentum Cooper pairing induced by
the interplay between the artificial spin-orbit coupling
and the effective Zeeman field20–22. Also, the spin-triplet
FFLO type of phase induced by the spin-orbit coupling
has been considered for CePt3Si
23.
Here we propose the possibility of a spontaneous (with-
out any applied field) appearance of the FFLO type of
phase. The creation of such unconventional paired state
is independent of the Maki criterion for the Cooper pair
decomposition. However, to make the appearance of such
state possible, the interband pairing must be predomi-
nant. Moreover, the structure of the bands has to lead
to appropriate Fermi wave vector mismatch between two
Fermi surface sheets. We examine this idea by using a
model which consists of both the electron- and the hole-
like bands of an iron-based superconductor. However,
application to other inequivalent-band systems with in-
terband pairing is also possible. If the mechanism is
found operative it should be relatively easy to detect
such a spontaneous supercurrent-carrying state in the
superconducting-ring geometry.
It should be noted that the so-called pair density-
wave state, which bears some resemblance to the Larkin-
Ovchinnikov state, in zero magnetic field has been con-
sidered in Ref. 24 for the case of intraband pairing as well
as in Ref. 25 for the case of both intra- and inter-band
pairing components. However, both the origin and other
features of such state are different than those considered
here.
The structure of the paper is as follows. In section II we
introduce the theoretical model describing electron- and
hole-like bands for the iron based superconductor with
proper non-zero momentum interband pairing terms. In
section III we present the results of our calculations.
First, we limit to the case of two hole-like bands of the
considered model, to illustrate the basic features of the
proposed unconventional paired phase. Then, the results
for the full form of the electronic structure are discussed.
Conclusions and outlook are provided in section IV.
2II. MODEL
A. Formalism
The model is formulated for the case of the two hole-
like and two electron-like bands of the iron based su-
perconductor, LaFeAsO1−xFx. With respect to iron-
pnictides, a variety of unconventional gap structures
have been proposed corresponding to both the spin-
singlet26–29 and the spin-triplet29–31 pairing. How-
ever, NMR studies32–34 provide an evidence for the
pairing within the spin-singlet channel for this familly
of compounds. According to the first principle band
calculations35,36, superconductivity in LaFeAsO1−xFx is
associated with the Fa-As layers and the Fermi surface
consists of two hole pockets and two electron pockets.
Moreover, the dominant contribution to the density of
states near the Fermi level comes from the Fe-3d orbitals.
The Fe-As layer is composed of a square lattice of Fe ions
with As ions in the center of each plaquette. The As ions
are slightly shifted above and below the plane of the Fe
lattice. The unit cell contains two Fe and two As ions.
However, as it has been shown in Refs. 37 and 38, to
describe the system one can start with the tight-binding
Hamiltonian with only one Fe ion per unit cell and the
corresponding Brillouin zone. In order to represent the
original model of two Fe ions/unit cell, a folding proce-
dure to the reduced Brillouin zone has to be carried out.
In constructing the tight-binding model we follow
Raghu et al.37, and consider two hole-like and two
electron-like bands which result from the folding proce-
dure performed on the two hybridized bands defined by
the dispersion relations
Ek1 =
1
2
(
ǫk1 + ǫk2 −
√
(ǫk1 − ǫk2)2 + 4ǫ2k12
)
,
Ek2 =
1
2
(
ǫk1 + ǫk2 +
√
(ǫk1 − ǫk2)2 + 4ǫ2k12
)
,
(1)
where
ǫk1 = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky ,
ǫk2 = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky ,
ǫk12 = −4t4 sin kx sin ky .
The values of the hopping parameters in the units of
|t1| are as follows: t1 = −1, t2 = 1.3, and t3 = t4 =
−0.85. The effect of the folding procedure on the starting
Hamiltonian which consists of the hybridized bands Ekl
can be written in the following manner
∑
klσ
Eklnˆklσ →
∑′
kl′σ
E˜kl′ nˆkl′σ , (2)
where l = 1, 2 correspond to the two hybridized bands,
whereas l′ correspond to the two hole-like (l′ = 1, 2) and
the two electron-like (l′ = 3, 4) bands. The summation
on the left-hand side of (2) is over the unfolded Bril-
louin zone, which corresponds to one Fe ion per unit cell,
while the primed summation on the right-hand side is
over the folded Brillouin zone which is twice smaller and
corresponds to two Fe ions per unit cell (for detailed de-
scription of the folding procedure see Refs. 30 and 37).
The band structure and the Fermi surfaces are shown
for the sake of clarity in Fig. 1. One should notice
that the Fermi-wave-vector mismatch between the two
hole-like bands seen in Fig. 1, is analogous to that ap-
pearing between the spin-up and the spin-down Fermi
surface sheets in the presence of magnetic field for the
case of one-band system with the spin-singlet pairing.
Such situation represents a canonical case for introduc-
ing the FFLO state1,2. The picture is slightly different
for the case of the two electron-like bands as the mis-
match between the Fermi sheets varies significantly with
the direction in the reciprocal space.
Next, we add to the model the term responsible for the
creation of the interband Cooper pairs, i.e.,
Hˆ =
∑′
kl′σ
(E˜kl′ − µ)nˆkl′σ − 2
N
∑′
kk′mm′Q
Umm
′
k−k′Bˆ
†
k′m′QBˆkmQ ,
(3)
where Umm
′
k−k′ is the pairing strength, N is the number of
Fe atoms in the layer, Q are the Cooper pair momenta,
while Bˆ†kmQ are the spin-singlet pairing operators


Bˆ†k,1Q ≡ 1√2 (cˆ
†
k1↑cˆ
†
−k+Q2↓ − cˆ†k1↓cˆ†−k+Q2↑) ,
Bˆ†k,2Q ≡ 1√2 (cˆ
†
k3↑cˆ
†
−k+Q4↓ − cˆ†k3↓cˆ†−k+Q4↑) .
(4)
They correspond to pairing between the two hole-like
bands (m=1) and two electron-like bands (m=2). Similar
term as the one seen in (3) has been introduced by Dai et
al.31 but for the spin-triplet interband pairing. Also, the
model considered in Ref. 31 was limited to the case of
two electron-like bands of LaFeAsO1−xFx, and the possi-
bility of nonzero Q vector has not been considered there.
Analogously as in the original work by Fulde and
Ferrell1, we assume that all Cooper pairs have the same
momentum Q which leads to the gap parameters phase
oscillations in real space (the FF phase). To simplify
the situation, we assume that U11k = U
22
k ≡ Uk and
U12k = U
21
k ≡ γUk, where γ is a constant parameter. For
γ = 0 the pairing within the hole-like bands would be
separated from the one in the electron-like bands which
would lead to the appearance of two critical tempera-
tures. As such situation is not observed in experiment,
it is necessary to introduce the pairing term which cor-
responds to the case of m 6= m′ (γ 6= 0), and results in a
single critical temperature in the system. The term for
m 6= m′ represents the transfer of the Cooper pairs from
the electron-like to the hole-like bands and vice versa.
As in Ref. 31, we use the following form of the pairing
strength Uk
Uk = U0 + U1(cos kx + cos ky) . (5)
3By using the mean field (BCS) approximation one ob-
tains the following form of the effective Hamiltonian
HˆHF =
∑′
kl′σ
(E˜kl′ − µ)nˆkl′σ
+
√
2
∑′
k,m
[
(∆kmQ + γ∆km¯Q)Bˆ
†
kmQ +H.C.
]
+
N
U0
((∆
(0)
1Q)
2 + 2γ∆
(0)
1Q∆
(0)
2Q + (∆
(0)
2Q)
2)
+
2N
U1
((∆
(1)
1Q)
2 + 2γ∆
(1)
1Q∆
(1)
2Q + (∆
(1)
2Q)
2) ,
(6)
where m¯ = 2 for m = 1 and vice versa. In the above ex-
pression we have introduced the interband superconduct-
ing gap parameters for the two hole-like bands (m=1) and
two electron-like bands (m=2)
∆kmQ = − 1√
2
2
N
∑′
k′
Uk−k′〈Bˆk′mQ〉 . (7)
The gap has a mixture of s-wave and extended s-wave
symmetries, i.e.,
∆kmQ = ∆
(0)
mQ +∆
(1)
mQ(cos kx + cos ky) . (8)
The extended s-wave gap symmetry for the case of spin-
singlet pairing has been also considered in Ref. 26 and
27, whereas for the case of interband spin-triplet pairing
in Ref. 31.
Diagonalization of (6) leads to the quasiparticle ener-
gies
λ1,2 =
1
2
[
(E˜k1 − E˜−k+Q2)
±
√
(E˜k1 + E˜−k+Q2 − 2µ)2 + 4(∆k1Q + γ∆k2Q)2
]
,
λ3,4 =
1
2
[
(E˜k3 − E˜−k+Q4)
±
√
(E˜k3 + E˜−k+Q4 − 2µ)2 + 4(∆k2Q + γ∆k1Q)2
]
,
(9)
which are used to derive the free-energy functional in a
standard statistical-mechanical manner. The gap ampli-
tudes ∆
(0)
mQ and ∆
(1)
mQ, and the chemical potential are all
obtained by solving the set of self-consistent equations
numerically, while the vector Q is determined by mini-
mizing the free energy of the system.
B. Methodological remarks
The essential point of the whole analysis is the observa-
tion that the dominant interband pairing may by the only
reasonable cause for the Fermi wave vector mismatch to
occur spontaneously. So, even though we carry out the
discussion on example of the electronic structure appro-
priate for the pnictides, the principal point may have a
more general meaning.
Note that the considered here pairing is of spin-singlet,
band-triplet type. Within this model, spin-triplet band-
singlet pairing may also be considered. In such sce-
nario the Hund’s rule can play the role of the pairing
mechanism39–43. Both of these situations represent even-
parity pairing and in fact, by applying the pairing term
of the spin-triplet type
Hˆp = − 2
N
∑′
kk′mm′Q
Jmm
′
k−k′Aˆ
†
k′m′QAˆkmQ , (10)
with


Aˆ†k,1Q ≡ 1√2 (cˆ
†
k1↑cˆ
†
−k+Q2↓ + cˆ
†
k1↓cˆ
†
−k+Q2↑) ,
Aˆ†k,2Q ≡ 1√2 (cˆ
†
k3↑cˆ
†
−k+Q4↓ + cˆ
†
k3↓cˆ
†
−k+Q4↑) ,
(11)
one obtains identical set of self-consistent equations (af-
ter using the mean field BCS approximation), as well
as the expression for the free energy. This is caused by
the fact that within our approach, in the absence of mag-
netic field, the spin and band indices are interchangeable.
So the spin-triplet band-singlet scenario is equivalent to
the spin-singlet band-triplet one. The situation is obvi-
ously different in the case with the intraband pairing in-
cluded when the choice of the symmetry of the spin-part
of the Cooper pairs wave function determines the symme-
try of the superconducting gap in k space. That is why
the intra-band, spin-triplet pairing is considered always
in connection with odd-parity pairing (p-wave, f-wave).
Here, because the Cooper pairs are formed by electrons
from different bands the spin-triplet even-parity pairing
(s-wave, d-wave) is also permissible.
III. RESULTS AND DISCUSSION
For modeling purposes, we set U1 = U0/5, the energies
are all normalized to the bare band-width W , T corre-
sponds to the reduced temperature T ≡ kBT/W , and
the wave vectors are given in the units of 1/a, where a is
the lattice parameter. The following phases are consid-
ered: (i) normal state (NS): ∆
(0)
mQ = ∆
(1)
mQ ≡ 0, (ii)
homogeneous superconducting state (SC): ∆
(0)
mQ 6= 0,
∆
(1)
mQ 6= 0, Q = (0, 0), and (iii) inhomogeneous super-
conducting state (FF): ∆
(0)
mQ 6= 0, ∆(1)mQ 6= 0, Q 6= (0, 0).
In the subsequent discussion n expresses the number of
electrons per one Fe ion. To investigate the general fea-
tures of the proposed unconventional phase, as well as to
illustrate the mechanism of its appearance, we initially
limit solely to the two-hole like bands of the model de-
scribed in the previous section. Next, the results for the
full form of Hamiltonian (3 ) will be described.
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FIG. 1. Electronic structure (a) and the Fermi surface sheets
(b) for n = 1.94. The black solid line in (b) marks the bound-
aries of the reduced Brillouin zone. The ∆k1 ≈ 0.236 and
∆k2 ≈ 0.210 parameters represent the Fermi wave-vector mis-
match between the hole- and electron-like bands, respectively.
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FIG. 2. The ∆k1 parameter (a) and the chemical potential
(b), both vs. the total band filling n for the limited case of
two hole-like bands in the model.
A. Two hole-like-band case
For the limited case of the two hole-like bands the
nonzero momentum of the Cooper pairs, formed by elec-
trons from different bands, results from the Fermi wave-
vector mismatch ∆k1 between the two Fermi surface
sheets centered at the Γ point (Fig. 1b). Doping the
system with electrons increases the Fermi-energy, which
in turn increases ∆k1, as shown in Fig. 2a. Hence, by
doping one can tune the ∆k1 parameter and as a result,
trigger the FF phase onset in a similar manner as the
conventional intraband FF-phase is triggered by the ap-
plied magnetic field. In the latter case a shift between the
spin-up and spin-down dispersion relations appears. So
the bottom of the bands between which the pairing oc-
curs corresponds to different energies. In the present case
of interband pairing the Fermi wave-vector mismatch re-
sults from a specific electronic structure. The reference
points of the bands, between which the pairing occurs
coincide, but different shapes of the two dispersion re-
lations lead to the two distinct Fermi surface sheets (cf.
Fig. 1). In principle, a similar nonzero momentum phase,
of the spin-singlet type (or the spin-triplet type, depend-
ing on the system at hand and specified pairing mecha-
nism), could appear without magnetic field for the case
of pairing between any two types of particles with dif-
ferent (effective) masses. For example, in the case of
heavy fermion systems the Fermi wave vector mismatch
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FIG. 3. Free energy of the paired state as a function of the
Cooper pair total momentum for n = 1.75 (a) and n = 1.79
(b), for the limited case of two hole-like bands only. The
pairing strength is set to U0 = 0.39. Note the four distinct
free-energy minima in (b) which signal the FF phase appear-
ance.
is induced by both the Zeeman splitting and the differ-
ent effective masses. For those compounds in the ex-
ternal magnetic field the spin-dependence of the quasi-
particle masses appears as a result of the correlations
(the mass renormalization factors are different for spin-
up and spin-down particles). The last mechanism leads
to the enlargement of the stability region of the FFLO
phase on the (T,Ha) plane
44,45. It would also be interest-
ing the investigate if the scenario considered by us would
be possible in the case of pairing between two species of
particles (with two different masses) within the ultracold
Fermi gas trapped in an optical lattice.
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T
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FIG. 4. Phase diagram on (T, n) plane for U0 = 0.39 for the
limited case of two hole-like bands only. Labels of the phases
are explained in main text. The transition from homogeneous
(SC) to inhomogeneous (FF) spin-singlet phase is discontinu-
ous. The solid line marks the border between the SC and NS
phases in the case of absence of the FF phase.
In Fig. 3 we plot the free-energy for the superconduct-
5ing phase as a function of the total momentum of the
Cooper pairs, Q, for two values of the band filling speci-
fied. It can be seen that for n = 1.75 the ∆k1 parameter
is too small to trigger the creation of stable FF phase,
as there is only one minimum for Q = (0, 0). However,
upon increasing slightly the band filling to n = 1.79,
the free-energy minima corresponding to four distinct Q
vectors appear, which refer to a stable FF phase. The
positions of those minima are determined by the value
of the mismatch, ∆k1 ≈ 0.237 in this case, and by the
shape if the Fermi surface. It is most convenient for the
Q vector to be parallel to either the kx or the ky axis.
In such situation the largest parts of the two concentric
hole-like Fermi sheets can be connected. As a result, one
can assume Qy = 0 and determine only Qx by minimiz-
ing the free energy. It should be noted that due to the
cubic anisotropy and the chosen form of the pairing in-
teraction given by Eq. (5) one should expect that the
free energy minima would appear along the high sym-
metry directions. However, for the sake of completeness
and to check the correctness of the numerical procedure
we have made calculations determining the full (Qx, Qy)
dependence which is shown in Figs. 3a and 3b.
∆(1)
n
∆(0)
n
a)
b)
T
T
1Q
1Q
FIG. 5. Gap amplitudes ∆
(0)
1Q and ∆
(1)
1Q as a function of both
T and n, for U0 = 0.39 for the limited case of two hole-
like bands only. Note the discontinuity in the gap parameter
at the SC→FF transition, while the FF→NS transition is
continuous.
The phase diagram on (T, n) plane is shown in Fig. 4,
where the regions of stability of the paired phases both
homogeneous (SC) and inhomogeneous (FF) are speci-
fied. It should be noted that the band filling range, for
which the FF phase is stable, corresponds to the chemi-
cal potential values which lead to Fermi surface sheets of
similar size and shape, as those presented in Refs.35–37.
The transition from the SC phase to FF phase has a
discontinuous nature as can be seen in Fig. 5, where the
drops in both ∆
(0)
1Q and ∆
(1)
1Q are clearly visible. The ∆
(1)
1Q
amplitude is about one order of magnitude smaller than
∆
(0)
1Q. However, the critical temperature is common for
both, as it should be. The Qx component of the total
momentum which minimizes the free-energy and leads to
stability of the FF phase is displayed in Fig. 6 vs. T and
n. For the sake of completeness, we show in Fig. 7 the
phase diagram on (n, U0) plane, which demonstrates the
stable phase evolution with increasing U0 and U1. As
one can see, the larger the band filling is, the stronger
the coupling has to be to stabilize the FF paired phase.
This is caused by the fact that with increasing n the ∆k1
parameter also increases.
T
n
Qx
FIG. 6. The center-of-mass momentum component Qx of the
Cooper pairs (for Qy = 0) which corresponds to stable FF
phase as a function of both the reduced temperature and the
band filling with the parameter U0 = 0.39. These results
correspond to the limited case of two hole-like bands only
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FIG. 7. The phase diagram on (n, U0) plane for U1 = U0/5
and for the limited case of two hole-like bands. Labels repre-
senting the phases are explained in main text.
B. Full four-band case
Here, we discuss the results for the full 4-band Hamil-
tonian given by Eq. (3). All the results presented here
have been obtained with the γ parameter set to 0.01. In
such model, one could in general consider two differentQ
6vectors. One adjusted to compensate the Fermi wave vec-
tor mismatch between the hole-like bands and the other
to compensate the mismatch between the electron-like
bands. However, as a single critical temperature has to
appear in the model, the term which corresponds to the
Cooper-pair transfer from the electron- to the hole-like
bands, and vice versa, needs to be introduced (γ 6= 0).
Two independent Q vectors corresponding to the two
types of bands appearing simultaneously would lead to
interband processes for which the center-of-mass momen-
tum of the Cooper pairs is not conserved. It is assumed
that such processes do not appear, so the Cooper pairs
can have only one value of the total momentum.
-0.2 0 0.2
Qx
-0.2
0
0.2
Q
y
-0.2 0 0.2
Qx
-0.2
0
0.2
Q
y
-0.97845 -0.9783 -0.97815
FREE ENERGY, F
-0.972 -0.9718 -0.9716
FREE ENERGY, F
a) b)
0 0.1 0.2 0.3 0.4
Qx
-0.9785
-0.9784
-0.9783
F
0 0.1 0.2 0.3
Qx
-0.97216
-0.972
-0.97184
F
c) d)
FIG. 8. Free energy of the system in the paired state as a
function of the Cooper pair total momentum for n = 1.72 (a)
and n = 1.795 (b) for the model with two electron- and two
hole-like bands. The pairing strength is set to U0 = 0.33. In
(c) and (d) we show the Qx dependence of the free energy
for Qy = 0. As one can see from (b), for a proper value of
band filling, the minima of the free energy appear for non-zero
values of the Cooper pair momentum.
In Fig. 8 the free energy in the paired phase as a
function of the Q vector is displayed for the two selected
values of the band filling. Analogously to the previous
case, the free energy mimima are visible for the proper
value of n, which signal the FF phase appearance. How-
ever, as can be seen from Fig. 9, even in the FF phase
all the particles from the electron-like bands are paired.
As a result, the so-called depairing region shown in Fig.
10, appearance of which is a characteristic feature of the
FF phase1,20, corresponds to the unpaired particles from
the hole-like bands only. This is caused by the fact that
the gap amplitudes in the electron-like bands are signif-
icantly larger than those corresponding to the hole-like
bands (cf. Fig. 11). Moreover, due to the presence of
the intersection points of the electron-like Fermi surface
sheets (cf. also Fig. 1b), the wave vector mismatch be-
tween them is highly anisotropic and only its maximal
value ∆k1 is close to the mismatch between the hole-
like Fermi surfaces. In such conditions, the electron-like
Fermi surface sheets can still be connected without the
necessity of non-zero momentum pairing in the consid-
ered parameter range. Hence, the appearance of the FF
phase is due to the hole-like bands which have been con-
sidered separately in the previous subsection.
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FIG. 9. Quasiparticle energies from Eq. (9) along the tra-
jectory in the reduced Brillouin zone marked by the dashed
line in Fig. 10 for the value of the Qx component which corre-
sponds to the free energy minimum shown in 8d. In (b)-(e) the
quasiparticle energies are shown zoomed around four points
in the Brillouin zone marked by squares in (a) from left to
right, respectively. As shown in (d) and (e) the quasiparticle
energies intersect the Fermi energy at certain points in the
Brillouin zone what leads to the depairing region presented in
Fig. 10.
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FIG. 10. Depairing region in reciprocal space which corre-
sponds to the free energy minimium shown in 8d.
The temperature dependences of the superconducting
gaps are plotted in Fig. 11. The transition from SC to FF
phase marked in Figs. 11a and 11c is of the first order, as
in the simplified case of two hole-like bands (cf. Fig. 5).
However, here a transition from the FF to the SC phase
7can also appear at nonzero temperature. The unconven-
tional temperature dependence of the gaps ∆
(0)
1Q and ∆
(1)
1Q
should also be noted. As one can see from the phase dia-
gram in Fig. 12 the stability range of the paired phase is
significantly broadened by the presence of the electron-
like bands (cf. Fig. 4 for the case of the model with
hole-like bands only). However, the dominant part of the
diagram in the considered parameter range is covered by
the zero-momentum paired phase (SC), whereas the sta-
bility region of the FF phase, in spite of some differences,
has similar shape and size to that appearing in Fig. 4.
This is caused by the fact that the hole- like bands are
responsible for the non-zero momentum pairing. In Fig.
13 one can see that the gap amplitudes corresponding to
the electron-like bands increase with increasing n what
leads to increasing transition temperature from SC to NS
phase seen on the diagram. However, the transition tem-
perature from FF to SC phase decreases with increasing
n in a similar manner to the case of the two-band model.
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FIG. 11. Temperature dependences of the superconducting
gaps for two values of the band filling n = 1.72 (a), (c) and
n = 1.795 (b), (d) for the model with two electron- and two
hole-like bands. The pairing strength is set to U0 = 0.33.
IV. CONCLUSIONS AND OUTLOOK
We propose a new kind of nonzero-momentum paired
phase which can appear spontaneously (without any ex-
ternal magnetic field). This kind of phase can be cre-
ated in the systems with dominant interband pairing for
which a sufficient Fermi vector mismatch appears and can
be compensated by a nonzero momentum of the Cooper
pairs. It should be noted that in such scenario, the re-
quirement of having a high value of the Maki parameter,
to make the observation of conventional FFLO phase pos-
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FIG. 12. Phase diagram on (T, n) plane for U0 = 0.33 for the
case of the four-band Hamiltonian. Labels of the phases are
explained in main text. Note that the FF phase appears only
in a narrow range of the band filling.
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FIG. 13. Band filling dependence of the gap components:
s−wave (a) and extended s− wave (b) for U0 = 0.33.
sible, does not appear at all. We analyze the proposed
idea for the case of a relatively simple model which is
based on two hole-like and two electron-like bands appro-
priate for the iron based superconductor LaFeAsO1−xFx.
We show that by doping the system with electrons one
can tune the distance between the Fermi surface sheets
and, in result, create favorable conditions for the appear-
ance of this unconventional phase. For appropriate values
of the band filling, the free energy minima appear which
signal the possibility of this inhomogeneous paired state
(cf. Figs. 3, 8). The FF phase is stable in a fairly narrow
band-filling range (cf. Figs. 4 and 12), which may pose
stringent conditions on its detection.
The temperature dependence of the superconducting
gaps in the limited case of two hole-like bands only, is
similar to that for the case of standard magnetic-field-
induced FFLO state, with first-order transition from a
homogeneous to an inhomogeneous paired phase (cf. Fig.
5). In the extended four-band model some unusual be-
havior of the gap amplitudes as functions of the temper-
ature should be noted, as well as the appearance of the
the FF to SC phase transition. Moreover, for the case of
the full four-band Hamiltonian the stability range of the
superconducting phases is broadened mainly by the zero-
momentum paired phase (see Fig. 12) which is due to the
presence of the electron-like bands with high value of the
gap amplitudes relative to those coming from the hole-
like bands. The shape and size of the area corresponding
8to the stability of the Fulde-Ferrell phase is similar in
both considered situations (the two-band and the four-
band cases as presented in Figs. 4 and 12 , respectively).
This is caused by the fact that even in the case of the
four-band model the particles from the hole-like bands
are responsible for the non-zero momentum paired state
appearance. This is because the Fermi wave vector mis-
match between the electron-like bands is much smaller
(or even vanishes) than that between the hole-like bands
for large parts of the Fermi surfaces (cf. Fig. 1b). This
together with relatively high values of the gap amplitudes
∆
(0)
2Q and ∆
(0)
2Q, leads to the situation in which the non-
zero momentum pairing is unlikely to be induced by the
mismatch between the electron-like Fermi surfaces.
In a similar model but for conditions in which the
FFLO state can be triggered due to both the electron-
and the hole-like bands, but with different favorable Q
vectors, a competition between two non-zero momentum
paired phases would appear (each corresponding to dif-
ferent value of the modulation). Such competition is con-
sidered in a two band model in Ref. 47 but for the case
of standard magnetic effect induced FFLO phase.
The presented mechanism which leads to a sponta-
neous appearance of the non-zero momentum paired
phase can be studied for varius systems with an inter-
band pairing. In this respect the new class of “Hund’s
metals”46 should be mentioned. The Hunds rule in-
duced spin-triplet superconducting phase with an inter-
band pairing has been discussed by us recently in the
correlated regime42,43, though without taking into ac-
count the possibility of non-zero momentum pairing. In
this analysis only two equivalent bands with hybridiza-
tion between them have been considered. Due to the
hybridization term the bonding and antibonding bands
can be created what leads to a Fermi wave vector mis-
match similar as in the case of the two hole-like bands
studied here (Fig. 3b from Ref. 42). It should be possible
to obtain the stability of a spontaneous FFLO phase also
in that model. Moreover, systems with pairing between
two types of particles with different effective masses, even
in the case of parabolic bands, can also be analyzed with
respect to the inhomogeneous superconducting phase ap-
pearance in the absence of magnetic field. The different
shapes of the dispersion relations which correspond to the
two species of particles can lead to a Fermi wave vector
mismatch which in turn can induce non-zero momentum
pairing of either spin-singlet of spin-triplet type.
The sine qua non condition for the appearance of the
proposed phase is the dominant role of the interband
pairing. In this respect, the phonon coupling cannot dif-
ferentiate essentially between the intra- and the inter-
band couplings, whereas the magnetic Hund’s rule cou-
pling does favor the interband interaction correlations.
To expose the role of the interband pairing mechanism,
here we have assumed that only the particles from two
different Fermi surface sheets can be paired. Neverthe-
less, one can expect that in the case with both inter- and
intra-band pairing, the energy gain coming from the non-
zero momentum pairing between the bands would not be
completely reduced by the corresponding contributions
from intraband coupling. On the other hand, when the
latter is strong enough, the homogeneous superconduct-
ing state is to be favored. This last issue should be ana-
lyzed separately.
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